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Abstract
A general class of W-algebras can be constructed from the affine sl(N) algebra by
(quantum) Drinfeld-Sokolov reduction and are classified by partitions of N . Surface
operators in anN = 2 SU(N) 4d gauge theory are also classified by partitions of N . We
argue that instanton partition functions of N = 2 gauge theories in the presence of a
surface operator can also be computed from the correspondingW-algebra. We test this
proposal by analysing the Polyakov-Bershadsky W(2)3 algebra obtaining results that are
in agreement with the known partition functions for SU(3) gauge theories with a so
called simple surface operator. As a byproduct, our proposal implies relations between
the W(2)3 and W3 algebras.
1 Introduction
In the last year several new detailed connections between 2d conformal field theories
and 4d quiver gauge theories with N =2 supersymmetry have been discovered. In
particular, conformal (or chiral) blocks [1] of certain 2d conformal theories have been
argued to be equal to instanton partition functions [2] in 4dN =2 quiver gauge theories.
The starting point of the new developments was the important paper [3] where
a relation between the Liouville theory (whose conformal blocks are those of the Vi-
rasoro algebra) and instanton partition functions in (conformal) N =2 SU(2) quiver
gauge theories was uncovered. This result has been extended to various other 2d the-
ories, such as the 2d AN−1 Toda theories, whose conformal blocks are those of the
WN algebras, and are conjectured to be related [4] to instanton partition functions in
(conformal) N =2 SU(N) quiver gauge theories. Extensions to non-conformal gauge
theories have also been discussed, first for SU(2) theories in [5] and later also for higher
rank theories [6]. In addition, conformal blocks of 2d conformal field theories with
affine slN symmetry have been argued to be related to conformal N =2 SU(N) gauge
theories in the presence of a so called full surface operator. This was first proposed for
the affine sl(2) conformal blocks in [7] and further studied in [8]. The extension to ŝlN
(affine slN) was discussed in [9].
In this paper we argue that the above relations are special cases of a general con-
nection between W-algebras and instanton partition functions in N = 2 gauge theories
in the presence of surface operators.
Before describing our proposal in more detail, we should point out that in parallel
to the physics developments there have also been many important results in the math-
ematics literature. For instance, the results in [10] can be viewed as a simpler version
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of the AGT relation [3] when the gauge group is U(1) rather than SU(2). In the pio-
neering papers [11] various aspects of instanton partition functions in the presence of
surface operators were discussed. In particular, for the pure SU(N) theories with a full
surface operator it was shown that the partition function of the gauge theory is equal to
the norm of a so called Whittaker vector of the ŝlN algebra. This result can be viewed
as a non-conformal version of the AT relation [7] and is analogous to the discussion
in [5], which is valid in the absence of surface operators and can also be formulated in
the language of Whittaker vectors (see e.g. [12]). In a further development [13] explicit
expressions for the instanton partition functions of SU(N) quiver gauge theories in the
presence of a full surface operator were determined. Finally, we must also mention the
recent paper [14] which contains ideas similar to the ones in this work, albeit phrased in
a more mathematical language. Phrased in physics terminology, it is shown in [14] that
the subsector where 4d instanton effects decouple of the instanton partition function
for the pure SU(N) theory in the presence of a general surface operator is equal to the
norm of a Whittaker vector of a so called finite W-algebra (a certain finite subalgebra
of a W-algebra). For non-conformal theories, our proposal can be viewed as an exten-
sion of the result in [14] to the full W-algebra (such a possibility was also mentioned
in [14] but was not spelled out explicitly).
A natural class of W-algebras are obtained from the ŝlN algebra1 by quantum
Drinfeld-Sokolov reduction (also called hamiltonian reduction). The W-algebras that
arise from this construction are classified by the embeddings of sl2 inside slN (or equiv-
alently by the nilpotent orbits or Levi subalgebras of slN ). Concretely this means that
these W-algebras are classified by partitions of N . The (quantum) Drinfeld-Sokolov
reduction method was studied for the ŝl2 algebra in [15] and shown to lead to the
Virasoro algebra upon reduction. An extension to ŝlN that gives rise to the WN alge-
bras upon reduction was developed in [16] (see also the pioneering work [17]). In the
language of sl2 embeddings the reductions in [16] correspond to the so called princi-
pally embedded sl2 subalgebras. The first example of a reduction corresponding to a
non-principally embedded sl2 was obtained in [18] where a reduction from ŝl3 gave rise
to a previously unknown W-algebra, now referred to as the Polyakov-Bershadsky W(2)3
algebra [19, 18]. The general connection to sl2 embeddings was first observed in the
classical case [20] (see also the review [21]). A general theory of quantum reductions
for arbitrary sl2 embeddings was developed in [22] (see also e.g. [23] for some further
mathematical developments.)
One way to define a surface operator in a 4d gauge theory is by specifying the
(singular) behaviour of the gauge field (and scalars, if present) near the 2d submanifold
where the surface operator is supported. In [24] it was found that the possible types of
surface operators in an N =4 SU(N) gauge theory are in one-to-one correspondence
with the Levi subalgebras of SU(N). Concretely this means that for every (non-trivial)
partition of N there is a possible surface operator. Surface operators in 4d SU(N)
theories with N =2 supersymmetry are also classified by partitions of N and have
1Throughout this paper we focus on the ŝlN algebras and their associatedW-algebras, but similar
results are expected to hold also for other affine Lie algebras.
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been studied e.g. in [25] (and more recently in the context of the AGT relation in
several papers [26–31,7–9]). For N =2 theories a surface operator depends on a certain
number of continuous complex parameters, one for each abelian U(1) factor in the Levi
subalgebra. Following [7] we call a surface operator corresponding to the partition
N = (N−1) + 1 a simple surface operator and a surface operator corresponding to
N = 1+ . . .+1 a full surface operator.
As was recalled above, both theW-algebras that are obtained by quantum Drinfeld-
Sokolov reduction from the ŝlN algebra and surface operators in N = 2 SU(N) gauge
theories are classified by partitions of N . We argue that this is not a coincidence and
that the two classes of objects are related.
We propose that instanton partition functions of N =2 SU(N) gauge theories in
the presence of a surface operator corresponding to a given partition of N are also com-
putable from the W-algebra corresponding to the same partition. For non-conformal
gauge theories the relevant W-algebra quantity is the norm of a Whittaker vector,
whereas for conformal gauge theories the relevant object is a conformal block. This
proposal generalises in a very natural way the two cases previously considered in
the literature: Whittaker vectors/conformal blocks of the ŝl(N) algebra have been
shown/argued [11, 7, 9] to correspond to non-conformal/conformal SU(N) instanton
partition functions with a full surface operator and conformal blocks/Gaiotto states of
theWN algebras correspond [3–6] to conformal/non-conformal SU(N) instanton parti-
tion functions in the absence of a surface operator. In the language of partitions, these
two cases correspond to the partitions N = 1+ · · ·+1 and N = N , respectively.
In the next section we test our proposal by analysing the Polyakov-BershadskyW(2)3
algebra. This W-algebra corresponds to the partition 3 = 2+1 and is the simplest
case which has not previously been studied. Our proposal implies that it should be
possible to use W(2)3 methods to compute partition functions in N =2 SU(3) gauge
theories with a simple surface operator. Such partition functions have previously been
computed using other approaches2 [3,28,29,31]. Using these results we find agreement
with W(2)3 computations. As a byproduct we find relations between the W(2)3 and W3
algebras.
2 W-algebras and surface operators for rank two
In this section we test the idea outlined above relating W-algebras and instanton
partition functions in N = 2 gauge theories with surface operators. We focus on the
rank two theories. For such theories, the partition 3 = 1+1+1 corresponds to the ŝl(3)
algebra (no reduction) and to a full surface operator in N =2 SU(3) gauge theories, the
partition 3 = 3 corresponds to the reduction of ŝl(3) to the W3 algebra [32] and to the
absence of a surface operator. The final case, 3 = 2+1, corresponds to the reduction
2Strictly speaking the simple surface operator appearing in these papers, although also associated
with 3 = 2+1, is not precisely the same as the one that appears in theW(2)3 computation. However our
results (as well as those in [8, 28]) indicate that for the purpose of computing the instanton partition
function they can be considered to be the same (at least for non-quiver theories). In this paper both
types will therefore be referred to as a simple surface operator (see section 3 for a further discussion).
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of ŝl(3) to the W(2)3 algebra [19, 18] and to a simple surface operator. We summarise
the various possibilities in the following table:
Partition 2d symmetry algebra Type of surface operator
1+1+1 ŝl(3) Full
2+1 W(2)3 Simple
3 W3 Absent
The relation between the second and third columns in the last row is the A2 AGT
relation [4, 3] (or its non-conformal version [6, 5]) and in the first row the A2 AT
relation [9, 7] (or its non-conformal version [11]). The relation between the last two
columns for the middle row is the subject of this section and constitutes the first
previously unknown case illustrating our proposal relating W-algebras and surface
operators in N = 2 gauge theories.
We first review various properties of the W(2)3 algebra and its representations and
then in section 2.2 perform some perturbative computations. These results should
be compared to instanton partition functions in SU(3) theories with a simple surface
operator. In the general case we do not know how to compute the instanton partition
function in the presence of a surface operator. However, for the case of a simple
surface operator one can fortunately use the alternative dual description in terms of a
degeneratate field in theW3 algebra (A2 Toda theory) [26,33,28,29]. Using this result,
in section 2.3 we perform some perturbative W3 computations (with a degenerate field
insertion), finding complete agreement with the W(2)3 computations in section 2.2.
2.1 The W(2)3 algebra and its representations
The Polyakov-Bershadsky W(2)3 algebra [19,18] is an extension of the Virasoro algebra.
In addition to the energy-momentum tensor T (z) it also contains two fields G±(z) each
with conformal dimension 3/2 and one field J(z) with conformal dimension 1. These
fields have the mode expansions
J(z) =
∑
n
z−n−1Jn , G
±(z) =
∑
n
z−n−
3
2G±n , T (z) =
∑
n
z−n−2Ln . (2.1)
The modes satisfy the following commutations relations (which are straightforwardly
obtained from the more commonly quoted operator product expansions)
[Ln, Jm] = −mJn+m , [Ln, G±m] = (
n
2
−m)G±n+m , [Jn, G±m] = ±G±n+m ,
[Jn, Jm] =
2k + 3
3
n δn+m,0 , [Ln, Lm] = (n−m)Ln+m + c
12
n(n2 − 1)δn+m,0 , (2.2)
[G+n , G
−
m] =
(k + 1)(2k + 3)
2
(n2−1
4
)δn+m,0 − (k+3)Ln+m + 3
2
(k+1)(n−m)Jn+m
+3
∑
ℓ
: Jn+m−ℓJℓ :
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where k is a parameter, c = − (2k+3)(1+3k)
k+3
and : : denotes the normal ordering
: XnYm :=
{
XnYm if n ≤ m
YmXn if n > m
(2.3)
The W(2)3 algebra is similar to the well-known N =2 superconformal algebra [34],
but in (2.2) G±n are bosonic and there is a nonlinear J
2 term in the algebra. Despite
these differences it is still true that one can consider both Ramond and Neveu-Schwarz
sectors. These differ by whether n in the mode-expansion of G±(z) in (2.1) are integers
or half-integers.
We mainly consider the Ramond sector, where G±n are integer moded. The zero-
mode sector of (2.2) is of particular importance and is spanned by J0, G
±
0 , and L0.
Introducing the notation
H = 2J0 , E = 2G
+
0 , F =
2
3
G−0 , C = −
4(k+3)
3
L0− (k+1)(2k+3)
6
, (2.4)
we find the algebra
[H,E] = 2E , [H,F ] = −2F , [E, F ] = H2 + C . (2.5)
This is an example of a so called finite W-algebra [35]. Finite W-algebras can be
obtained by (quantum) Drinfeld-Sokolov reduction from ordinary Lie algebras (rather
than from affine Lie algebras) [35, 36]. The above algebra (2.5) arises via reduction
from sl3 [35,36]. (See [37] for a discussion of various equivalent ways of defining a finite
W-algebra and their relations to W-algebras.) As discussed in [37] it is the Ramond
sector that is most directly related to the finite W-algebra.
The representation theory for theW(2)3 algebra has been developed in the literature.
In the Ramond sector, a highest weight (or primary) state |λ〉 satisfies [38]
L0|λ〉 =
(〈λ, λ− (k + 1)ρ〉
2(k + 3)
− 1
8
)
|λ〉 , J0|λ〉 =
(〈λ, h2〉 − 12) |λ〉 , (2.6)
together with
Ln|λ〉 = G+n−1|λ〉 = G−n |λ〉 = Jn|λ〉 = 0 (n = 1, 2, . . .) . (2.7)
In (2.6) λ denotes a vector in the root/weight space of sl3, i.e. λ = λ
1Λ1 + λ
2Λ2
where Λ1,2 are the two fundamental weights of sl3. Furthermore, ρ = Λ1 + Λ2 is the
Weyl vector and h2 = Λ2 − Λ1 (see appendix A.1 for more details of our Lie algebra
conventions). Note that shifting λ in (2.6) by a term proportional to ρ changes the form
of the L0 eigenvalue, but does not change the J0 eigenvalue. The representation theory
in the Ramond sector is closely related to the representation theory of the associated
finite W-algebra (2.5). The representation theory of the algebra (2.5) was obtained
in [35, 36] (see also [39]).
The Neveu-Schwarz version of (2.6), (2.7) can be found e.g. in [40]. In this case the
λ-independent terms in (2.6) are absent and the G± conditions in (2.7) are replaced
by G±r |λ〉 = 0 for all positive half-integers r.
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In the Ramond sector, the descendants of a primary state, 〈λ|, are denoted 〈n;λ|,
where
〈n;λ| = 〈λ|G+
n+
1
−1
· · ·G+
n+
ℓ+
−1
G−
n−
1
· · ·G−
n−
ℓ−
Jn1 · · ·Jnℓ Ln˜1 · · ·Ln˜ℓ , (2.8)
and n±i , n˜i and ni can be any positive integer. Similarly,
|n;λ〉 = L−n˜1 · · ·L−n˜ℓ J−n1 · · ·J−nℓ G+−n+
1
· · ·G+
−n+
ℓ+
G−
−n−
1
+1
· · ·G−
−n−
ℓ−
+1
|λ〉 . (2.9)
The matrix of inner products of descendants (usually called the Gram or Shapovalov
matrix) satisfies
Xλ(n;m) = 〈n;λ|m;λ〉 ∝ δN,M δSn+Sm,0 , (2.10)
i.e. it is a block-diagonal matrix where each block contains only descendants with given
values for the total level N =
∑
i(ni+ n˜i+n
+
i +n
−
i ) and the total charge, Sn, given by
the number of n+i minus the number of n
−
i .
2.2 Perturbative computations for the W(2)3 algebra
AWhittaker-type state (vector) can be defined for theW(2)3 algebra in a way completely
analogous to the construction in [11,14] (see also section 5 in [9] for a discussion using
the notation of [5] that will also be used below). We denote this state by |x1, x2;λ〉
and demand that it should satisfy
G+0 |x1, x2;λ〉 =
√
x1 |x1, x2;λ〉 , G−1 |x1, x2;λ〉 =
√
x2 |x1, x2;λ〉 , (2.11)
where all other G±n , Jn and Ln that annihilate |λ〉 also annihilate |x1, x2;λ〉. The norm
of the Whittaker state can be expressed in terms of certain (diagonal) components of
the inverse of the matrix (2.10). The following set of descendants play a distinguished
role in this construction
|n, p;λ〉 = (G+
−1)
p(G−0 )
n|λ〉 . (2.12)
Denoting the corresponding diagonal component of the inverse of the matrix Xλ by
X−1λ (n, p;n, p), the norm of the Whittaker vector can be obtained via
〈x1, x2;λ|x1, x2;λ〉 =
∞∑
n=0
∞∑
p=0
X−1λ (n, p;n, p) x
n
1 x
p
2 . (2.13)
From our proposal it follows that this expression should equal (possibly up to a pref-
actor) the instanton partition function for the pure N =2 SU(3) theory with a simple
surface operator insertion.
The terms in (2.13) containing only x1 involve descendants of the form (G
−
0 )
n|λ〉.
For such descendants, the Gram matrix is diagonal and can be computed using (2.2),
(2.6) and (2.7) with the result
〈λ|(G+0 )n(G−0 )n|λ〉 = n(λ1−k2+12+n−1)(−λ2+k2+32+n−1)〈λ|(G+0 )n−1(G−0 )n−1|λ〉
= n! (λ1 − k2 + 12)n(−λ2 + k2 + 32)n , (2.14)
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where (X)n = X(X + 1) · · · (X + n − 1) is the usual Pochhammer symbol. The
contribution to (2.13) is consequently
∞∑
n=0
1
(λ1 − k2 + 12)n(−λ2 + k2 + 32)n
xn1
n!
. (2.15)
Similarly, the terms depending only on x2 arise from the result
〈λ|(G−1 )n(G+−1)n|λ〉 = (−1)nn! (−λ1 − k2 − 32)n(λ2 − 3k2 − 52)n , (2.16)
and lead to the following contribution to (2.13)
∞∑
n=0
1
(−λ1 − k2 − 32)n(λ2 − 3k2 − 52)n
(−x2)n
n!
. (2.17)
It is also possible to compute subleading terms. As an example, we consider the terms
of the form xn+11 x2. The relevant block of the Gram matrix involve descendants of the
form
|1〉 = G+
−1(G
−
0 )
n+1|λ〉 , |2〉 = G−
−1(G
−
0 )
n−1|λ〉 ,
|3〉 = J−1(G−0 )n|λ〉 , |4〉 = L−1(G−0 )n|λ〉 . (2.18)
For any n ≥ 1 these states generate a 4×4 sub-block Xr,s = 〈r|s〉 with r, s = 1, . . . , 4
of the Gram matrix:3
Xr,s =


P1(λ)M(n+1) 0 M(n+1)
3
2
M(n+1)
0 P2(λ)M(n−1) −M(n) 32M(n)
M(n+1) −M(n) (2k+3)
3
M(n) [q(λ)− n]M(n)
3
2
M(n+1) 3
2
M(n) [q(λ)− n]M(n) 2∆(λ)M(n)

 (2.19)
with
P1(λ) = −3(k+1)(2k+3)
8
+ (k+3)∆(λ) + 3(k+1)[Υ(λ)−n−1]− 3[Υ(λ)−n−1]2 ,
P2(λ) =
3(k+1)(2k+3)
8
− (k+3)∆(λ) + 3(k+1)[Υ(λ)−n+1] + 3[Υ(λ)−n+1]2 ,(2.20)
where ∆(λ) denotes the eigenvalue of L0 in (2.6), Υ(λ) denotes the J0 eigenvalue, and
M(n) ≡ 〈λ|(G+0 )n(G−0 )n|λ〉 = n! (λ1 − k2 + 12)n(−λ2 + k2 + 32)n . (2.21)
Inverting (2.19) and selecting the 1,1 component in accordance with the general result
(2.13), gives a closed expression for all xn+11 x2 terms. However, as this expression is
somewhat unwieldy we only give the coefficient of the x1x2 term:
8(9+6k+k2+12[1+k]λ1+4k
2λ1−2[1+k]λ21+8kλ2+4k2λ2−8λ1λ2−4kλ1λ2−2[1+k]λ22)
(k+3)(k−1−2λ1)(k+3+2λ1)(k+3−2λ2)(3k+5−2λ2)(2k+3−λ1−λ2)(1+λ1+λ2) .
(2.22)
3When n = 0, the block reduces to a 3×3 block (obtained from (2.19) by removing the 2nd row
and column and setting n = 0).
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So far we have focused on W(2)3 quantities that on the gauge theory side correspond
to the (non-conformal) pure SU(3) theory. It should also be possible to consider con-
formal SU(3) gauge theories. For instance, from our proposal and standard AGT-type
arguments it follows that the four-point W(2)3 conformal block on the sphere should
equal (possibly up to a prefactor) the instanton partition function for the N =2 SU(3)
theory with Nf = 6 and a simple surface operator insertion. It seems natural to as-
sume that the primary field corresponding to the state |λ〉 can be expressed as Vλ(x, z),
where x is an isospin variable and z denotes the worldsheet coordinate. In the standard
decomposition, the four-point conformal block can then be written∑
n;p
〈λ1|Vξ2(1, 1)|n;λ〉X−1λ (n;m)〈m;λ|Vξ3(x, z)|λ4〉
〈λ1|Vξ2(1, 1)|λ〉〈λ|Vξ3(x, z)|λ4〉
. (2.23)
As in [4, 9] the ξi should be special (restricted) momenta which should lead to crucial
simplifications. To compute (2.23) one would in particular need to know the commu-
tation relations between the generators of the W(2)3 algebra and the Vξi’s. As in the ŝl3
case it is natural to expect that these commutation relations can be expressed in terms
of differential operators acting on the isospin (and worldsheet) variables (as in the W3
case there can also be pieces that can not be expressed as differential operators). One
encouraging result is that the zero-mode part of the W(2)3 algebra (i.e. the finite W(2)3 -
algebra) can be realised in terms of differential operators as (see also the discussion in
section 6 of [36])
D+0 = −x
[
(k+1)(2k+3)
8
+ (k+3)x[∆ + z∂z ]− 3Υ2
]
− x2(3Υ− 3
2
)
d
dx
+ x3
d2
dx2
,
D−0 =
d
dx
, D0 = Υ− x d
dx
, D0 = ∆+ z∂z , (2.24)
where ∆ denotes the conformal dimension (the eigenvalue of L0 in (2.6)), and Υ denotes
the J0 eigenvalue. (Note that the algebra (2.24) also closes if one omits the z∂z terms.)
We should also mention that in the ŝlN computations in [7, 9] additional operator
insertions in the conformal blocks were crucial to obtain agreement with the instanton
computations. Similar insertions are probably also required in the W(2)3 case.
As there are several unsolved (technical) problems associated with the computations
of conformal blocks for the W(2)3 algebra we postpone a full discussion to future work.
2.3 W3 degenerate fields and simple surface operators
Instanton partition functions for N =2 SU(3) gauge theories can be obtained from the
W3 algebra [4, 6] (see also [41, 42]). The addition of a certain simple surface operator
can be interpreted as the insertion of a degenerate field in the 2d CFT [26, 33, 28, 29].
For the pure SU(3) theory the relevant quantity is
〈y;α|V−bΛ1(x)|y;α〉, (2.25)
where (in our notation) |y;α〉 is theW3 (Whittaker) state constructed in [6] and V−bΛ1
is a degenerate field of the W3 algebra. For the conformal SU(3) theory with Nf = 6
8
the relevant quantity is a particular five-point W3 conformal block where two of the
insertions are special (cf. [4]) and one of the insertions is the degenerate field V−bΛ1 .
An alternative to the W3 degenerate field approach is to use the (B or A model)
topological string description of a simple surface operator [28, 29], or the gauge the-
ory method in [28] which uses a combination of the conjectures in [3] and [26] and
corresponds to a geometric transition in the topological string language [29, 31].
We first briefly describe the W3 approach. Primary fields associated with W3 are
denoted Vα(z) where α = α
1Λ1 + α
2Λ2, and the corresponding state is denoted |α〉.
By inserting two complete sets of states the five-point W3 conformal block mentioned
above can be written (we suppress the three-point factors in the denominator)∑
n,n′,m,m′
〈α1|Vχ2(1)|n;α〉X−1n;n′(α)〈n′;α|V−bΛ1(x)|m; α˜〉X−1m;m′(α˜)〈m′; α˜|Vχ3(z)|α4〉,(2.26)
where χi = κiΛ1, |n;α〉 is short-hand notation for the descendants of the primary
state |α〉, X−1
n;n′(α) is the inverse of the Gram matrix, and the sums run over are all
descendants. The terms in (2.26) with |m;α〉 = |m′;α〉 = |α〉 depend only on x and
after summing over n and n′ reduce to
〈α1|Vχ2(1)V−bΛ1(x)|α˜〉 ∝ 3F2(A1, A2, A3;B1, B2; x) , (2.27)
where we used the results in [43]. This result has also been obtained from the dual
gauge theory [41] and was discussed in [44] using the matrix model approach [45] (see
also [46]). The hypergeometric function in (2.27) is defined in the neighbourhood of
x = 0 and has the series expansion
3F2(A1, A2, A3;B1, B2; x) =
∞∑
n=0
(A1)n(A2)n(A3)n
(B1)n(B2)n
xn
n!
, (2.28)
with
Ai = b(
1
3
κ2− 23b+ 〈α˜−Qρ, h1〉 − 〈α1−Qρ, hi〉) , Bi = 1+ b〈α˜−Qρ, h1−hi+1〉 . (2.29)
Similarly, the terms with |n;α〉 = |n′;α〉 = |α〉 depend only on z
x
and reduce to
〈α|V−bΛ1(x)Vχ3(z)|α4〉 =∝ 3F2(C1, C2, C3;D1, D2;
z
x
) , (2.30)
where
Ci = b(
1
3
κ3− 23b+ 〈α4−Qρ, hi〉− 〈α−Qρ, h1〉) , Di = 1− b〈α−Qρ, h1−hi+1〉 . (2.31)
The above expressions correspond on the gauge theory side to the conformal SU(3)
theory with Nf = 6; the expressions relevant to the pure SU(3) theory can be obtained
by taking the“non-conformal limit” i.e. by replacing the (Ai)n and (Ci)n factors by 1.
Alternatively, one can analyse (2.25) directly using the method in [47, 8].
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By comparing the non-conformal version of the above two results to the correspond-
ing results in the previous subsection (2.15), (2.17) we see that they agree provided we
make the identifications
x1 = x , x2 = −z
x
, k+3 = −b2 , λ1 = b α1 − b
2
2
− 2 , λ2 = −b(α1+α2) + b
2
2
+ 1 .
(2.32)
Furthermore, α˜ = α + bΛ1, which is simply the degenerate fusion rule.
We have also analysed a class of subleading terms. These can be obtained from CFT
considerations as above, but we found it more convenient to use the method in section
6 of [28]. In this method the partition function of the SU(3) gauge theory with a simple
surface operator is obtained from an SU(3)×SU(3) quiver gauge theory (with instanton
expansion parameters y1 and y2) by imposing certain restrictions, which are simply the
degenerate field and fusion requirements translated into gauge theory language using
the AGT relation. Using this method the coefficient in front of the y1y2 term in the
instanton partition function for the pure SU(3) theory with a simple surface operator
becomes (here ǫ ≡ ǫ1 + ǫ2)
(−6a21ǫ1−6a1a2ǫ1−6a22ǫ1+6ǫ31−a21ǫ2−4a1a2ǫ2−4a22ǫ2+3a1ǫ1ǫ2+10ǫ21ǫ2+5ǫ1ǫ22+ǫ32)
ǫ21ǫ2(ǫ1+a1−a2)(ǫ1+2a1+a2)(ǫ−a1−2a2)(ǫ−2a1−a2)(ǫ−a1+a2)(ǫ+a1+2a2)
,
(2.33)
where a1,2 are the SU(3) Coulomb parameters. The result (2.33) matches (2.22) pro-
vided that
x1 = y1 , x2 = −y2 , k+3 = −ǫ2
ǫ1
, λ1 =
a2−a1
ǫ1
+
1
2
ǫ2
ǫ1
−1 , λ2 = 2a1+a2
ǫ1
−3
2
ǫ2
ǫ1
−1 .
(2.34)
The leading yn1 and y
n
2 terms of course also match, as do higher-order y
n
1 y2 terms. The
non-trivial agreement of these infinite sets of terms supports our idea that instanton
partition functions in N =2 SU(3) gauge theories with a simple surface operator should
be computable from the W(2)3 algebra.
As a byproduct of our analysis we find relations between theW(2)3 andW3 algebras.
For the non-conformal case the conjecture is that (2.13) is equal to (2.25); more gen-
erally there should also be relations between W(2)3 conformal blocks and W3 conformal
blocks with an additional degenerate field insertion, e.g. we expect that (2.23) and
(2.26) should be equal (possibly up to a prefactor).
3 Discussion
In this paper we argued that there is a general connection between W-algebras and
instanton partition functions in N =2 gauge theories with surface operators (similar
ideas were discussed in [14]). This proposal is very natural from the viewpoint in [48]
which uses the 6d (2, 0) theory formulated on R4×C, where an N =2 SU(N) gauge
theory lives on R4 and the 2d conformal field theory lives on the Riemann surface C. As
discussed in [7], one way a surface operator can arise is from a 4d defect spanning a 2d
submanifold of R4 and wrapping C. In [48] it was argued that for the SU(N) theories,
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the 4d defects of the (2, 0) theory are classified by Young tableaux or equivalently by
partitions of N , so the class of surface operators constructed from 4d defects should also
be classified by partitions. Thus in this construction it should be possible to describe
a general surface operator. Our proposal can be viewed as a prescription for how the
symmetry algebra of the 2d theory is changed when a general 4d defect wraps C.
It is also possible to describe surface operators using 2d defects spanning a sub-
manifold inside R4 and intersecting C at a point. This construction leads to the
interpretation of a simple surface operator, i.e. a surface operator corresponding to the
partition N = (N−1) + 1, in terms of degenerate fields in the AN−1 Toda theory as
first proposed in in [3]. It is less clear (at least to us) if one can describe general surface
operators using only 2d defects. But at least for a simple surface operator there are
two descriptions, in terms of 4d or 2d defects. There are certain differences between
the simple surface operators that arise from these two constructions, but computations
in [8,28] and the results in this paper indicate that the instanton partition function is
not sensitive to these differences (at least for some theories). For this reason we have
not used a nomenclature which emphasises the differences, but this point should be
kept in mind in future applications.
Our analysis is far from complete and there are many unsolved problems. It would
be desirable to have additional checks (or perhaps even proofs) of the general proposal.
One immediate extension is to develop the technology needed to compute conformal
blocks for theories with W(2)3 symmetry and to compare the results with the proposed
dual gauge theory expressions. The Whittaker vectors and the conformal blocks only
depend on the symmetry algebra, but just as for the original AGT conjecture [3] it
seems plausible that there is an extension to a relation between correlation functions
in the 2d CFT and gauge theory partition functions involving some (modified) version
of the type studied in [49]. In the general case the relevant 2d CFT is probably a
generalised Toda theory (see e.g. [21]), but unfortunately such theories have not been
much studied in the literature.
Another subject that we did not discuss, but where surface operators appear to be
important, is the connections to quantum-mechanical integrable systems. In addition
to papers already mentioned this is discussed in e.g. [50].
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A Appendix
A.1 The sl3 Lie algebra
The root/weight space of the sl3 (or A2) Lie algebra can be viewed as a 2–dimensional
subspace of R3. The unit vectors of R3 are denoted ui (i = 1, . . . , 3) and satisfy
〈ui, uj〉 = δij . The simple roots are e1 = u1 − u2 and e2 = u2 − u3. The positive roots
comprise the ei together with θ = e1 + e2 = u1 − u3. The fundamental weights are
Λ1 =
1
3
(2u1 − u2 − u3) , Λ2 = 1
3
(u1 + u2 − 2u3) (A.1)
and satisfy 〈Λi, ej〉 = δij . The Weyl vector, ρ, is half the sum of the positive roots,
hence ρ = θ = Λ1 + Λ2. Finally, the weights of the fundamental representation are
h1 =
1
3
(2u1 − u2 − u3) , h2 = 1
3
(−u1 + 2u2 − u3) , h3 = 1
3
(−u1 − u2 + 2u3) (A.2)
Note that h1 = Λ1, h2 = −Λ1 + Λ2 and h3 = −Λ2.
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